We present an optical cavity QED configuration that is described by a dissipative version of the Lipkin-Meshkov-Glick model of an infinitely coordinated spin system. This open quantum system exhibits both first-and second-order non-equilibrium quantum phase transitions as a single, effective field parameter is varied. Light emitted from the cavity offers measurable signatures of the critical behavior, including that of the spin-spin entanglement.
Remarkable advances with trapped, ultra-cold atomic gases have opened up exciting new avenues of research into strongly interacting many-body quantum systems [1] . Exquisite control of both motional and electronic degrees of freedom of cold atoms can enable one to "tailor" atom-atom interactions and thereby implement a variety of systems that exhibit, in particular, quantum critical phenomena, i.e., transitions between distinct quantum phases, driven by quantum fluctuations, in response to variations of an effective field or interaction strength around some critical value.
Recently, important insights into such transitions have been obtained from theoretical studies of the quantum entanglement properties of critical spin systems (see, e.g., [2, 3, 4, 5, 6, 7, 8, 9, 10] ). Bipartite entanglement measures characterizing entanglement between a pair of spins (e.g., the concurrence) or between two blocks of spins (e.g., the entanglement entropy) can display marked critical behavior and scaling at quantum critical points. In this context, a simple but very useful example is the Lipkin-Meshkov-Glick (LMG) model [11] , which is described by the Hamiltonian
where {J x , J y , J z } are collective angular momentum operators for N spin-1/2 particles, h and λ are effective magnetic field and spin-spin interaction strengths, respectively, and γ ∈ [−1, 1] is an anisotropy parameter. This system, in which each spin interacts identically with every other spin, exhibits critical behavior at zero temperature; in particular, either first-or second-order equilibrium quantum phase transitions may occur, depending on the choice of λ and γ, as the ratio h/λ is varied across a critical value [6] . Notably, the second-order transition involves a change from a unique ground state (normal phase) to a pair of macroscopically displaced degenerate ground states (broken phase). Entanglement in the system displays the above-mentioned critical behavior, reaching, in particular, a pronounced maximum at the critical point [5, 6, 7] .
Given these interesting and topical features of the LMG model, it follows that the physical realization of a system described by such a model would provide a valuable test bed for studies of quantum critical phenomena and entanglement. Here we propose an open-system (i.e., dissipative) version of the LMG model based on the collective interaction of an ensemble of atoms with laser fields and field modes of a high-finesse optical resonator. In the spirit of a recent proposal for realizing the Dicke model [12] , our scheme employs Raman transitions between a pair of atomic ground states and the relevant energy scales (e.g., h, λ) are set by light shifts of the atomic levels and Raman transition rates and detunings.
The open nature of this system, a consequence of the external driving fields and cavity mode losses, introduces a number of important differences from, and, arguably, advantages over, the closed, Hamiltonian LMG system: (i) thermal equilibrium phase transitions are replaced by dynamical, non-equilibrium phase transitions, (ii) the cavity output fields offer quantitative measures of properties of the collective-spin system, including entanglement, in the critical regime, and (iii) it is possible to observe both first-and second-order quantum phase transitions as a single effective field parameter, h, is varied.
We consider N atoms coupled via electric dipole transitions to three laser fields and to a pair of independent (e.g., orthogonally-polarized) optical cavity modes. The atomic level and excitation scheme is shown in Fig. 1 , together with a possible ring-cavity setup. At the location of the atoms, the cavity and laser fields are copropagating traveling waves, with sufficiently broad beam waists so as to ensure homogeneous atom-field couplings. These fields combine to drive Raman transitions between two stable electronic ground states of the atoms, |0 and |1 (energies ω 0 = 0 and ω 1 , respectively, with = 1) via the excited atomic states |r and |s (energies ω r and ω s ). The laser fields have optical frequencies ω r0 , ω s0 , and ω r1 , and couple to the atomic transitions with Rabi frequencies Ω r0 , Ω s0 , and Ω r1 . Cavity field a, at frequency ω a , couples to the transitions |0 ↔ |r and arXiv:0708.2753v2 [quant-ph] 1 Feb 2008 |1 ↔ |s with strengths g r0 and g s1 , respectively, while cavity field b, at frequency ω b , couples to the transitions |0 ↔ |s and |1 ↔ |r with strengths g s0 and g r1 , respectively. As drawn in Fig. 1 , the level scheme would apply, e.g., to 6 Li, with the ground magnetic substates |F = 1/2, m = ±1/2 as |0 and |1 and a magnetic field perpendicular to the cavity axis to provide a splitting ω 1 between these states. Modes a and b would be orthogonal, linearly-polarized cavity modes, with mode a polarized along the direction of the magnetic field. The atom-light detunings ∆ r = ω r − ω r0 and ∆ s = ω s −ω s0 are taken to be much larger than any dipole coupling strengths, atomic linewidths, or cavity loss rates. This enables us to adiabatically eliminate the states |r and |s from the dynamics and neglect the effects of atomic spontaneous emission. Additionally, as depicted in Fig. 1 , we assume that only three distinct Raman transitions are of significance (i.e., resonant or roughly resonant); i.e., we retain only those Raman processes that cause a change in the electronic state of the atoms (|0 → |1 or |1 → |0 ) and also involve transfer of a photon from a laser field to a cavity mode or vice-versa. All other possible Raman processes are assumed to be far off-resonant and therefore negligible. Finally, taking the wave numbers of the laser and cavity fields to be essentially equal, and introducing the collective spin operators
† , we can derive a master equation for the cavity modes and ground-state atoms in the forṁ
where
are the cavity field decay rates, and (omitting constant energy terms)
with J x = (J + + J − )/2 and
where ω 1 = (ω s0 − ω r1 )/2 ω 1 , and we have assumed the two Raman transitions involving mode a to occur at the same rate λ a .
We now assume (κ
λ a , λ b , ω 0 . In this limit, the cavity modes are only weakly or virtually excited and may also be adiabatically eliminated to yield the following master equation for the reduced density operator, ρ, of the collective atomic system alone: The equations of motion for the moments { J x , J y , J z }, derived from (5), do not form a closed set. However, factorizing the means of operator products and taking the limit N → ∞ (i.e., neglecting quantum fluctuations), we obtain a closed set of semiclassical equations,
where (X, Y, Z) ≡ ( J x , J y , J z )/j with j = N/2, and X 2 + Y 2 + Z 2 = 1 (conservation of angular momentum). The stable steady-state solutions of (6) exhibit bifurcations at two critical effective field strengths, h 
where Λ = λ+(λ 2 −Γ 2 b ) 1/2 . Note that at both (supercritical pitchfork) bifurcations a detailed stability analysis [15] shows that a unique steady state becomes unstable and two new stable steady states emerge. These semiclassical solutions, together with numerical solutions of the finite-N master equation (5) , are plotted in Fig. 2 as a function of h/λ (note that J x = J y = 0 for the finite-N calculations). The plots indicate both a firstand second-order phase transition as a single parameter, h, is varied. The first-order (second-order) transition, at h = h c − (h = h c + ), involves a discontinuous (continuous) bifurcation in X ss and associated behavior in Z ss . Note that in the purely Hamiltonian system second-order transitions occur at ±h c + , but the first-order transition has no counterpart (for λ > 0) and arises here due to a dissipative instability. The behavior we observe bears some relation to critical points found in cooperative resonance fluorescence (see, e.g., [13] ). In the large-N limit, quantum fluctuations can be included in the analysis as a first-order correction using a large-N expansion of the Holstein-Primakoff (HP) representation of angular momentum operators [14] . Applied in a coordinate system where the mean Bloch vector points along the positive z-axis, this takes the form
is a bosonic annihilation (creation) operator. This linearization about the mean field state leads to a master equation of the general forṁ
where H HP is a quadratic in {c, c † } and the coefficients are functions of {h, λ, Γ a , Γ b } [15] . Eq. (8) yields coupled, linear equations of motion for c and c † , the eigenvalues of which display a sequence of bifurcations in both their real and imaginary parts as h is varied. The phase transitions are marked by the real part of one eigenvalue going to zero (i.e., critical slowing down) at h = h c ± .
To examine this structure and dynamics, we consider the transmission of a (weak) probe laser field through the medium as a function of the probe frequency, i.e., we examine the frequency response of the system. A schematic of such a measurement setup is shown in Fig. 1(b) . To compute the transmission spectrum we retain the two cavity modes in our model (i.e., we start from (2)), but again perform a linearization (N 1) about the meanfield state. We consider the case in which the probe laser drives mode b, and the transmission spectrum T p (ν p ) is defined as the coherent intensity, at probe frequency ν p (in the rotating frame), in the output field from mode b. In Fig. 3 we plot T p (ν p ) (normalized by the maximum empty-cavity transmission) for a series of values of h around h c ± . For the chosen parameters, the spectra consist of sharp "atomic" resonances superimposed on a much broader cavity mode resonance (i.e., κ b Γ b ). The locations and widths of the atomic resonances are determined by the imaginary and real parts of the abovementioned eigenvalues, respectively. For |h/λ| > 1, the main atomic feature is a dip of width 2Γ b at ν 2h, corresponding to a cavity-mediated, collective spontaneous emission resonance. For |h/λ| < 1, spin-spin interactions play a more significant role and a pair of resonances at opposite frequencies feature in the spectrum. As h → h c + both from above and below these two features merge continuously into a single peak, centered at ν p = 0, which ultimately diverges at h = h 
The transition is signaled by a discontinuous jump from this two-peaked spectrum to a single divergent peak at ν p = 0.
To analyze the entanglement properties of the system, we adopt a criterion for bipartite entanglement in collective spin systems which, for symmetric states, is both necessary and sufficient, and reads [16] 
where J ϕ = sin(ϕ)J x + cos(ϕ)J y . Here, we present numerical results for C R ≡ max ϕ C ϕ (≥ 0), which, in fact, equals the rescaled concurrence (N − 1)C, where C is the two-spin concurrence. In Fig. 4 we plot the steady state value of C R versus h/λ, computed from the linearized HP model and numerically from (5) for finite N . Both transitions are characterized by a sharp peak in the entanglement at the critical point [5, 6, 7] , but they are distinguished by a discontinuity in
The peaking of C R at the critical points agrees with the conjecture of a general association between semiclassical bifurcations and maximal entanglement in dissipative, non-equilibrium many-body systems [18] . In the region where C R = 0 the state approaches a mixture of maximally polarised states possessing large fluctuations (see Fig. 2 ). Note that, in the adiabatic regime considered, the cavity field operator b(t) ∝ J + (t), and so collective spin correlations (and hence C R ) can be deduced from moments of the cavity output field, which may be measured by broadband homodyne detection. For an experimental realization, we have already mentioned 6 Li in a ring-cavity setup. A suitable system can also be designed using the ground states |F = 1, m = ±1 of 87 Rb and linearly-polarized cavity modes [15] . For specific parameter values, we consider recent experiments with cold atoms inside a high-finesse optical ring cavity [19] , i.e., we take g ij 2π · 100 kHz and κ a 2π · 25 kHz. For N 10 6 atoms and a characteristic ratio Ω ij /∆ i 0.0025, we have λ a 2π · 250 kHz. With a Raman detuning δ a 2π · 2.5 MHz, we then have λ 2λ 2π · 0.01 kHz λ, Γ b for an atomic exited state decay rate Γ at = 2π · 6 MHz.
To conclude, we have proposed a feasible cavity QED system that is described by a dissipative LMG model and exhibits both first-and second-order non-equilibrium quantum phase transitions as a function of a single effective field parameter. Measurements on the cavity output light fields provide quantitative probes of the critical behavior. The system also offers opportunities for investigating phase transitions in response to variation of the strength of dissipation (i.e., Γ b ), for studying timedependent behavior, such as entanglement dynamics, and for preparing very highly entangled states, which typically occur for short interaction times [15] and may in principle be "frozen" by switching off all optical fields.
